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Abstract—Based on the idea of the Abelian group theory in
mathematics, this paper finds a sufficient condition of having
independent TE and TM modes in a waveguide filled with
homogenous anisotropic lossless medium. For independent TE
modes, we prove the nonzero cut-off wavenumbers obtained
from longitudinal scalar magnetic field stimulation and trans-
verse vector electric field stimulation are same in theory. For
independent TM modes, we also prove the nonzero cut-off
wavenumbers obtained from longitudinal scalar electric field
stimulation and transverse vector magnetic field stimulation
are same in theory. Finally we carry out several numerical
experiments to verify the correctness of the condition given
by us. We hope that this condition is useful for the designs
of waveguide with homogenous anisotropic lossless medium in
microwave engineering community.
Index Terms—Waveguide Problems, Abelian Group, Indepen-
dent TE Modes, Independent TM Modes. Finite Element Method.
I. INTRODUCTION
In microwave engineering, waveguide is one of very impor-
tant source-free equipments, which guides wave propagation
direction. It has many applications, for example, Hirokawa
J. and Ando M. [1] have proposed a novel feed structure to
excite a plane TEM wave in a parallel-plate waveguide. The
electromagnetic wave in the waveguide must be a solution of
Maxwell’s equations with source-free.
According to the electromagnetic theory [2], it is well-
known that the waveguide filled with homogenous isotropic
lossless medium has independent TE modes and TM modes.
Suppose that the wave propagation direction in waveguide is
+zˆ. We also have known that for independent TE modes, we
can employ the longitudinal component hz of the magnetic
field or the transverse component et of the electric field
to stimulate them, and for independent TM modes, we can
employ the longitudinal component ez of the electric field
or the transverse component ht of the magnetic field to
stimulate them. For using longitudinal component hz of the
magnetic field to stimulate independent TE modes, we need
to solve an eigenvalue problem about Laplace operator with
a Neumann boundary condition. This boundary condition is a
natural boundary condition in finite element method (FEM),
which is not enforced constraint in numerical computation.
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While for using longitudinal component ez of the electric field
to stimulate independent TM modes, we need to solve an
eigenvalue problem about Laplace operator with a Dirichlet
boundary condition. This boundary condition is an essential
boundary condition in FEM, which must be enforced con-
straint in numerical computation. For employing transverse
component et of the electric field to stimulate independent
TE modes, we need to solve an eigenvalue problem about
curl-curl operator with an essential boundary condition, which
must be enforced constraint in numerical computation, while
for employing transverse component ht of the magnetic field
to stimulate independent TM modes, we need to solve an
eigenvalue problem about curl-curl operator with two natural
boundary conditions, which are all not enforced constraint in
numerical computation.
For the waveguide filled with homogenous anisotropic loss-
less medium, are there independent TE modes and TM modes
in this waveguide? The answer is that when the medium
parameters in the waveguide satisfy some condition, then there
are independent TE and TM modes. This paper finds this
condition (i.e., the following condition I and II) based on
the idea of the Abelian group theory [3] (see Appendix B)
in mathematics. Moreover, when the waveguide filled with
homogenous anisotropic lossless medium has independent TE
and TM modes, we prove that the nonzero cut-off wavenum-
bers obtained from using hz and et to stimulate indepen-
dent TE modes are same in theory, and the nonzero cut-off
wavenumbers obtained from using ez and ht to stimulate
independent TM modes are also same in theory.
When the cross section of the waveguide is not regular, if
we would like to know the first several propagable physical
modes, we usually turn to the help of numerical methods,
for example, FEM, finite difference method, and etc. This
paper will use standard linear FEM to solve the eigenvalue
problems about elliptic differential operator of second-order
in two-dimension, and mixed FEM [4] based on CT/LN edge
element space and standard linear element space to solve the
eigenvalue problems of curl-curl operator in two-dimension.
The basis functions in the CT/LN edge element space are
constant tangential and liner normal (CT/LN). This space is
the lowest order edge element space, which is the simplest
edge element space. This space is one of the Ne´de´lec spaces
[5]. Note that it is careful to the selection of these two spaces
in mixed FEM, and the selection of these two spaces should
be matched [4]. For the eigenvalue problems about curl-curl
operator (waveguide problems and resonant cavity problems
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2just belong to this type of problem), the earlier papers on edge
elements claim edge elements can entirely eliminate spurious
modes. This is not correct [6]. Because edge elements can only
eliminate nonphysical spurious nonzero modes, however, edge
elements can not eliminate nonphysical spurious zero modes
because of ignoring the divergence-free condition. We have
computed the resonant cavity problem with anisotropic lossless
media and PEC successfully [7]. In the reference [7] we turn
to the help of mixed FEM based on CT/LN edge element
space and linear element space to remove all the nonphysical
spurious modes. Numerical methods provided by this paper
can remove all the nonphysical spurious modes (including
nonphysical spurious zero modes) for the eigenvalue problems
about curl-curl operator, because we have already enforced
divergence-free condition in numerical computation.
The outline of this paper is as follows. In Section 2,
we review the governing equations for waveguide problems
according to the waveguide theory in electromagnetism, and
find this sufficient condition of having independent TE and
TM modes in a waveguide filled with homogenous anisotropic
lossless medium. The proof of the conclusion that the nonzero
cut-off wavenumbers obtained from using hz and et to stimu-
late independent TE modes are same is given in Section 3. The
proof of the conclusion that the nonzero cut-off wavenumbers
obtained from using ez and ht to stimulate independent TM
modes are same is given in Section 4. In Section 5, we support
several FEM algorithms of PDEs from waveguide problems.
Finally we carry out some numerical experiments to verify
that the condition given by us is correct, and the theory in
Section 3 and 4 is also correct.
II. GOVERNING EQUATIONS FOR WAVEGUIDE PROBLEMS
Suppose that the wave propagation direction in waveguide
is zˆ, where zˆ is unit vector along positive direction of z axis.
Let Γ be cross section of the waveguide, nˆ be be the outward
normal unit vector on the boundary ∂Γ of the cross section
Γ. As usual, the cross section Γ is bounded. Because of the
complexity of the cross section Γ, the boundary ∂Γ may be not
connected. In this case, there exist TEM modes. In practical
applications, waveguide walls are usually made up of perfect
electric conductor.
Waveguide problem is a so called 2.5 dimensional problem,
because the medium in the waveguide is two dimensional,
while the electromagnetic field in the waveguide is three
dimensional. This paper only considers the waveguide prob-
lem filled with filled with homogenous anisotropic lossless
medium. Suppose that the permittivity and permeability ma-
trices are of the following form:
 =
[
t 0
0 zz
]
, (1)
µ =
[
µt 0
0 µzz
]
, (2)
where t, µt, zz and µzz are independent of z. Because the
medium is lossless, we have that  and µ are two positive
definite Hermitian matricies [8], i.e.,

†
t = t, µ
†
t = µt, zz > 0, µzz > 0,
where t and µt have positive real eigenvalues, and K
† is
conjugate transpose of matrix K.
In a usual waveguide problem, the frequency f > 0 is given,
then ω = 2pif > 0. We need to solve propagation constant
jkz and several propagable physical modes:
E(x, y, z) = e(x, y)e−jkzz, H(x, y, z) = h(x, y)e−jkzz,
(3)
where e(x, y) and h(x, y) are two three dimensional vectors
only dependent with transversal coordinates (x, y), while
independent with longitudinal coordinate z. Assume that
e(x, y) = et + zˆez, h(x, y) = ht + zˆhz, (4)
∇ = ∇t + zˆ ∂
∂z
, ∇t = xˆ ∂
∂y
+ xˆ
∂
∂y
. (5)
It is clear that
∂E
∂z
= −jkzE, ∂H
∂z
= −jkzH.
Writing Maxwell’s equations with source-free, we have:
∇×E = −jωµH,
∇×H = jωE,
∇ · (E) = 0,
∇ · (µH) = 0,
where we have assumed that the time-harmonic factor is ejωt.
Substituting (1-5) into the above Maxwell’s equations, then
we obtain the following equations:
∇t × et = −jωµzz zˆhz (6)
−zˆ ×∇tez − jkz zˆ × et = −jωµtht (7)
∇t × ht = jωzz zˆez (8)
−zˆ ×∇thz − jkz zˆ × ht = jωtet (9)
∇t · (tet) = jkzzzez (10)
∇t · (µtht) = jkzµzzhz (11)
Set A =
[
0 −1
1 0
]
, then A2 = −I2×2, where I2×2 is
identity matrix of order two. We change zˆ× in equations (7)
and (9) into A, then we get
∇tez + jkzet = −jωAµtht, (12)
∇thz + jkzht = jωAtet. (13)
From equations (12) and (13), we can obtain
(−ω2AµtAt − k2zI2×2)et = −jkz∇tez + jωAµt∇thz, (14)
(−ω2AtAµt − k2zI2×2)ht = −jkz∇thz − jωAt∇tez. (15)
Next we try to explore the condition of having independent
TE and TM modes in a waveguide filled with homogenous
anisotropic lossless medium, and the case in filled with ho-
mogenous isotropic lossless medium is a particular case of
this condition.
Define set G = {X ∈ C2×2 : AX = XA}, then the
set G has very nice algebraic properties. It is very easy to
prove that (G,+) is an Abelian group, where + is usual
matrix addition in C2×2 and (G, ·) is also an group, where
· is usual matrix multiplication in C2×2. Next we intensively
3consider the concrete form of the element in the group (G, ·),
let X =
[
a b
c d
]
be in the group (G, ·), then we have[
a b
c d
] [
0 −1
1 0
]
=
[
0 −1
1 0
] [
a b
c d
]
, therefore we
can get a = d, b = −c. When t ∈ G and µt ∈ G, then we can
assume that t =
[
 aj
−aj 
]
, µt =
[
µ bj
−bj µ
]
, where
, µ, a, b are all real numbers, and t and µt are two positive
definite Hermitian matrices.[
 aj
−aj 
] [
µ bj
−bj µ
]
=
[
µ+ ab (b+ aµ)j
−(b+ aµ)j µ+ ab
]
.[
µ bj
−bj µ
] [
 aj
−aj 
]
=
[
µ+ ab (b+ aµ)j
−(b+ aµ)j µ+ ab
]
.
Then µtt = tµt is valid, therefore (G, ·) is also an Abelian
group. Particularly, when b+ aµ = 0, then we have
tµt = µtt = (µ+ ab)I2×2 6= 0. (16)

−1
t =
1
µ+ ab
µt. (17)
µ
−1
t =
1
µ+ ab
t. (18)
Suppose that t ∈ G, µt ∈ G, and they satisfies the condition
b+ aµ = 0, then
−ω2AµtAt = ω2µtt = ω2tµt = ω2(µ+ ab)I2×2;
−ω2AtAµt = ω2tµt = ω2µtt = ω2(µ+ ab)I2×2.
Thus coefficient matrices in equations (14) and (15) are same:
−ω2AµtAt − k2zI2×2 = (ω2µ+ ω2ab− k2z)I2×2;
−ω2AtAµt − k2zI2×2 = (ω2µ+ ω2ab− k2z)I2×2.
Define
k2t = k
2 − k2z , k2 = ω2(µ+ ab), (19)
where kt is called cut-off wavenumber, and kz is called phase
constant. From equations (14)-(15), when kt 6= 0, we can infer
that
et = −jkz
k2t
∇tez + jω
k2t
zˆ × (µt∇thz), (20)
ht = −jkz
k2t
∇thz − jω
k2t
zˆ × (t∇tez). (21)
From (20) and (6), we can get:
−∇t · (µt∇thz) = k2tµzzhz. (22)
From (21) and (8), we can get:
−∇t · (t∇tez) = k2t zzez. (23)
if ez = 0, hz = 0 and equations (6)-(11) have nontrivial
solution, then we must have k2t = k
2 − k2z = 0, thus, kz =
ω
√
µ+ ab (µ + ab > 0). The transverse components of
electromagnetic field are directly obtained from the equations
(10)-(11). This is so called TEM mode.
In conclusion, when the medium parameters in a waveguide
satisfies the following condition:
I
 =
  aj 0−aj  0
0 0 zz
 , µ =
 µ bj 0−bj µ 0
0 0 µzz

are two positive definite Hermitian matrices, and they
are constant matrices.
II
b+ aµ = 0,
then the independent TE and TM modes must exist in
the waveguide filled with homogenous anisotropic lossless
medium.
Remark: It is well-known that when the waveguide is filled
with homogenous isotropic lossless medium, then there are
independent TE and TM modes in this waveguide. In this case,
a = 0, b = 0,  = zz > 0 and µ = µzz > 0. Obviously, the
medium parameters have already satisfied the above condition
I and II.
Next we consider the boundary condition about waveguide
problem. Because the waveguide walls are usually made up
of metal, the boundary condition is usually perfect electric
conductor (PEC) boundary condition. From electromagnetic
theory [2], we have
nˆ×E = 0, nˆ ·B = 0.
For the TE modes, if we use longitudinal scalar field hz
to stimulate them, then the boundary condition will be nˆ ·
(µt∇thz) = 0 on ∂Γ; if we use transverse vector field et to
stimulate them, then the boundary condition will be nˆ× et =
0 on ∂Γ.
For the TM modes, if we use longitudinal scalar field ez
to stimulate them, then the boundary condition will be ez =
0 on ∂Γ; if we use transverse vector field ht to stimulate them,
then the boundary condition will be nˆ · (µtht) = 0 on ∂Γ and
nˆ× (−1zz ∇t × ht) = 0 on ∂Γ.
III. INDEPENDENT TE MODES
In this section, the medium parameters in the waveguide we
consider satisfy the condition I and II.
A. Simulate TE Modes using Longitudinal Component hz
Seek kt ∈ R, hz 6= 0, such that{
−∇t · (µt∇thz) = k2tµzzhz in Γ,
nˆ · (µt∇thz) = 0 on ∂Γ.
(24)
The PDE (24) is an eigenvalue problem about elliptic par-
tial differential operator of second order in two-dimension,
and this problem is with Neumann boundary condition. The
researches about this problem are very thorough in computa-
tional mathematics. For details, please see [9].
It is clear that the equation (24) has a particular solution
kt = 0, hz = 1, but this solution is not a propagable physical
mode, and this is a spurious mode. We shall not consider this
solution. Once (kt, hz) is solved, then
et =
jω
k2t
zˆ × (µt∇thz);
ht = −jkz
k2t
∇thz.
4From the spectral theory of self-adjoint compact operator [10],
we have already known that PDE (24) has countable real
eigenvalues. i.e.,
0 = k
(0)
t < k
(1)
t ≤ k(2)t ≤ · · · ≤ · · · → +∞.
Denote k(small)t = k
(1)
t . Because k
2
z = k
2 − k2t , when k >
k
(small)
t , i.e., f > f
(small)
t , where f
(small)
t is the smallest
cut-off frequency in the waveguide, then the waveguide has
propagable physical modes. Therefore the waveguide has the
function of high-pass filter. That is the electromagnetic wave
with low-frequency can not propagate in the waveguide, while
the electromagnetic wave with high-frequency can propagate
in the waveguide.
Lemma 1. If kt 6= 0 and (kt, hz) is an eigen-pair of PDE
(24), then (kt, jωk2t zˆ× (µt∇thz)) is also an eigen-pair of PDEs
(25).
Proof. Please see Appendix A.
B. Simulate TE Modes using Transverse Component et
Find kt ∈ R, 0 6= et, such that
∇t ×
(
µ−1zz ∇t × et
)
= k2tµ
−1
t et in Γ,
∇t · (µ−1t et) = 0 in Γ,
nˆ× et = 0 on ∂Γ.
(25)
The PDEs (25) is an eigenvalue problem about curl-curl op-
erator in two-dimension. Obviously, when kt 6= 0, the second
equation of PDEs (25) can be derived from the first equation
of PDEs (25), this is because 0 = ∇t ·
(
∇t×µ−1zz ∇t×et
)
=
k2t∇t · (µ−1t et), then we have ∇t · (µ−1t et) = 0. But we can
not omit the divergence-free condition ∇t · (µ−1t et) = 0 in
numerical computation, otherwise PDEs (25) will introduce
spurious zero modes [11]. Because ∇t ·(µ−1t et) = 0 and (18),
we can get 1µ+ab∇t · (tet) = 0, then ∇t · (tet) = 0, which
is just Gauss’ law for electric field. In fact, ∇t · (µ−1t et) = 0
and ∇t · (tet) = 0 are equivalent.
When the boundary ∂Γ is not connected, then there are
TEM modes in this waveguide. Suppose that ∂Γ =
⋃N
k=1 ∂Γk,
∂Γi
⋂
∂Γj = ∅(i 6= j), where ∂Γk(k = 1, 2, · · · , N) is the k-
th connected boundary. Then number of TEM modes is N−1.
Which can be verified by the following numerical experiments.
PDEs (25) can stimulate these TEM modes, while PDE (24)
can not stimulate these TEM modes, which is an advantage of
using et to simulate waveguide modes. Moreover, PDE (24)
will also introduce a nonphysical spurious zero mode.
Once (kt, et) is solved, then
ht =
kzµ
−1
t (zˆ × et)
ω
=
kz zˆ × (µ−1t et)
ω
;
hz = zˆ · j∇t × et
ωµzz
.
Lemma 2. If kt 6= 0 and (kt, et) is an eigen-pair of PDEs
(25), then (kt, zˆ · j∇t×etωµzz ) is also an eigen-pair of PDE (24).
Proof. Please see Appendix A.
In a word, we have already obtained the following theorem.
Theorem 1. If the medium parameters in a waveguide satis-
fies the condition I and II, then there exist independent TE
modes in this waveguide, and nonzero cut-off wavenumber kt
between PDE (24) and PDEs (25) is same in theory.
IV. INDEPENDENT TM MODES
In this section, the medium parameters in the waveguide we
consider also have the condition I and II.
A. Simulate TM Modes using Longitudinal Component ez
Seek kt ∈ R, ez 6= 0, such that{
−∇t · (t∇tez) = k2t zzez in Γ,
ez = 0 on ∂Γ.
(26)
The PDE (26) is an eigenvalue problem about elliptic partial
differential operator of second order in two-dimension, and
this problem is with Dirichlet boundary condition.
It is easy to prove that kt = 0 is not an eigenvalue of PDE
(26). In fact, if kt = 0 is an eigenvalue of PDE (26), then we
can prove that ez = 0 in Γ by virtue of the Poincare´ inequality
‖ez‖1 ≤ C‖∇ez‖0 [12]. According to spectral theory of self-
adjoint compact operator [10], the PDE (26) has countable real
positive eigenvalues.
0 < k
(1)
t ≤ k(2)t ≤ k(3)t ≤ · · · ≤ · · · → +∞.
Once (kt, ez) is solved, then
et = −jkz
k2t
∇tez;
ht = −jω
k2t
zˆ × (t∇tez).
Lemma 3. If kt 6= 0 and (kt, ez) is an eigen-pair of PDE (26),
then (kt,− jωk2t zˆ×(t∇tez)) is also an eigen-pair of PDEs (27).
Proof. For the verification of the fist two equations in PDEs
(27), this is the same as the TE modes, therefore we omit this
step. We mainly need to verify the correctness of boundary
conditions in PDEs (27). According to nˆ×E = 0 and ez = 0
on ∂Γ, then we have nˆ×(et+ zˆez)e−jkzz = nˆ×ete−jkzz = 0
on ∂Γ. Therefore we have nˆ× et = 0 on ∂Γ. For TM modes,
we have hz = 0. We can take hz = 0 in the equation (9), then
we obtain
et = −kz
−1
t (zˆ × ht)
ω
= −kz zˆ × (
−1
t ht)
ω
.
Then we have
0 = nˆ× et = −kz
ω
nˆ×
(
zˆ × (−1t ht)
)
= −kz
ω
[
zˆ(nˆ · (−1t ht))− −1t ht(nˆ · zˆ)
]
= −kz
ω
zˆ(nˆ · (−1t ht)) on ∂Γ.
Therefore nˆ · (−1t ht) = 0 on ∂Γ. In addition, according to
(8) and ez = 0 on ∂Γ, we have
nˆ× (−1zz ∇t × ht) = nˆ× (jωzˆez) = jωnˆ× zˆez = 0 on ∂Γ.
The proof of Lemma 3 is completed.
5B. Simulate TM Modes using Transverse Component ht
Find kt ∈ R, 0 6= et, such that
∇t ×
(
−1zz ∇t × ht
)
= k2t 
−1
t ht in Γ,
∇t · (−1t ht) = 0 in Γ,
nˆ× (−1zz ∇t × ht) = 0 on ∂Γ,
nˆ · (−1t ht) = 0 on ∂Γ.
(27)
The PDEs (27) is an eigenvalue problem about curl-curl
operator in two-dimension. Note that ∇t · (−1t ht) = 0 and
∇t · (µtht) = 0 are equivalent because of the equation (18),
and nˆ · (−1t ht) = 0 and nˆ · (µtht) = 0 are also equivalent
because of the equation (18).
When ∂Γ is not connected, the PDEs (27) can also stim-
ulate TEM modes, while PDE (26) can not stimulate these
TEM modes, which is an advantage of using ht to simulate
waveguide modes.
Once (kt,ht) is solved, then
et = −kz
−1
t (zˆ × ht)
ω
= −kz zˆ × (
−1
t ht)
ω
; (28)
zˆez =
−1zz ∇t × ht
jω
. (29)
Lemma 4. If kt 6= 0 and (kt,ht) is an eigen-pair of PDEs
(27), then (kt, zˆ · ∇t×htjωzz ) is also an eigen-pair of PDE (26).
Proof. For the verification of the equation in PDE (26), this
is the same as the TE modes, therefore we omit this step. We
mainly need to verify the correctness of boundary condition
in PDE (26). From (28) and the boundary conditions in PDEs
(27), we can get
nˆ× et = nˆ× (−kz zˆ × (
−1
t ht)
ω
)
= −kz
ω
nˆ× (zˆ × (−1t ht))
=
kz
ω
(

−1
t ht(nˆ · zˆ)− zˆ(nˆ · (−1t ht))
)
= 0 on ∂Γ.
According to nˆ × E = 0 on ∂Γ, then we have nˆ × (et +
zˆez)e
−jkzz = 0 on ∂Γ. From the above equation, then we
get nˆ × (zˆez) = 0 on ∂Γ, thus ez = 0 on ∂Γ. In addition,
according to (29), we have
nˆ× zˆez = 1
jω
nˆ× (−1zz ∇t × ht) = 0 on ∂Γ,
therefore we prove ez = 0 on ∂Γ again. The proof of Lemma
4 is completed.
In a word, we have already obtained the following theorem.
Theorem 2. If the medium parameters in a waveguide satisfy
the condition I and II, then there exist independent TM
modes in this waveguide, and nonzero cut-off wavenumber
kt between PDE (26) and PDEs (27) is same in theory.
V. NUMERICAL METHODS FOR INDEPENDENT TE MODES
AND TM MODES
A. Numerical Method for the scalar PDE (24) and (26)
Firstly, we consider the numerical treatments for the scalar
PDE (24) and (26). There are many finite element methods
to deal with the scalar PDE (24) and (26) now. For example,
conforming FEM, nonconforming FEM, and mixed FEM can
solve all them numerically. FEM is a numerical method based
on the variational form of PDE. Thus we need to give the
corresponding variational forms about the scalar PDE (24) and
(26) firstly.
As usual, we need to introduce some Hilbert spaces on
complex field C associated with PDE (24) and (26):
L2(Γ) =
{
f :
∫
Γ
|f(x, y)|2dxdy < +∞},
H1(Γ) =
{
v ∈ L2(Γ) : ∇tv ∈ (L2(Γ))2
}
,
H10 (Γ) =
{
v ∈ H1(Γ) : v|∂Γ = 0
}
.
The standard inner products and norms in the above Hilbert
spaces are defined as following:
(u, v)0 =
∫
Γ
uvdxdy, ∀ u, v ∈ L2(Γ),
‖u‖0 =
√
(u, v)0 =
( ∫
Γ
|u(x, y)|2dxdy) 12 , ∀ u ∈ L2(Γ),
(u, v)1 =
∫
Γ
(uv +∇tu · ∇tv)dxdy, ∀ u, v ∈ H1(Γ),
‖v‖1 =
√
(u, v)1 =
(‖v‖20 + ‖∇tv‖20) 12 , ∀ v ∈ H1(Γ),
where the function v is complex conjugation of function v.
Denote the continuous sesquilinear forms:
a1 : H
1(Γ)×H1(Γ)→ C
(hz, v)→
∫
Γ
µt∇thz · ∇tvdxdy,
a2 : H
1
0 (Γ)×H10 (Γ)→ C
(ez, v)→
∫
Γ
t∇tez · ∇tvdxdy,
b1 : L
2(Γ)× L2(Γ)→ C
(hz, v)→
∫
Γ
µzzhzvdxdy,
b2 : L
2(Γ)× L2(Γ)→ C
(ez, v)→
∫
Γ
zzezvdxdy.
Using scalar Green’s formula (42), we get the variational
forms of PDE (24) and (26), respectively.
For the TE modes, find kt ∈ R, 0 6= hz ∈ H1(Γ), such that
a1(hz, v) = k
2
t b1(hz, v), ∀ v ∈ H1(Γ). (30)
For the TM modes, find kt ∈ R, 0 6= ez ∈ H10 (Γ), such
that
a2(ez, v) = k
2
t b2(ez, v), ∀ v ∈ H10 (Γ). (31)
Let Th be a regular triangular partition [12] of Γ with mesh
parameter h, where h is the measure of the mesh intensive.
6The advantage of triangular mesh is that it can approximate
arbitrary bounded domain Γ in two-dimension well. We are
only plan to use the standard linear element space V1 = Sh to
approximate the Hilbert space H1(Γ), and V2 = Sh
⋂
H10 (Γ)
to approximate the Hilbert space H10 (Γ). It is clear that V1
is a FEM subspace of H1(Γ), and V2 is a FEM subspace of
H10 (Γ). Restricting (30) and (31) on V1 and V2 respectively,
then we get discrete variational forms about (30) and (31).
For the TE modes, seek kt,h ∈ R, 0 6= hhz ∈ V1, such that
a1(h
h
z , v) = k
2
t,hb1(h
h
z , v), ∀ v ∈ V1. (32)
For the TM modes, seek kt,h ∈ R, 0 6= ehz ∈ V2, such that
a2(e
h
z , v) = k
2
t,hb2(e
h
z , v), ∀ v ∈ V2. (33)
where superscript or subscript h stands for approximate so-
lution of the original problem in order to distinguish exact
solution of the original problem. The above method is called
the conforming FEM. Assume that the approximate eigenval-
ues of variational form (32) are
0 ≈ k(0)t,h < k(1)t,h ≤ k(2)t,h ≤ · · · ≤ k(n−1)t,h ,
where n is all the nodal number in the mesh Th, including
the number of the nodes on the boundary ∂Γ. According to
min-max principle [13], we have
k
(l)
t ≤ k(l)t,h, l = 1, 2, · · · , n− 1.
Similarly, suppose that the approximate eigenvalues of varia-
tional form (33) are
0 < k
(1)
t,h ≤ k(2)t,h ≤ · · · ≤ k(m)t,h ,
where m is interior nodal number in the mesh Th, excluding
the number of the nodes on the boundary ∂Γ. According to
min-max principle [13], we have
k
(l)
t ≤ k(l)t,h, l = 1, 2, · · · ,m.
Therefore the numerical eigenvalues obtained from conform-
ing FEM approximate exact eigenvalues from above, which
is the characteristic of employing conforming FEM to solve
eigenvalue problems about the elliptic operator of second
order. From numerical experiments, we shall find that all the
numerical eigenvalues k(l)t,h, l = 1, 2, 3, · · · are monotone
decreasing as the decrease of mesh parameter h.
Let {φk}nk=1 be basis functions on the space V1 and
hhz =
∑n
k=1 ξkφk. As last, we need to solve the following
generalized matrix eigenvalue problem:
A1ξ = k
2
t,hB1ξ, (34)
where
A1 = (a
(1)
ij ) ∈ Cn×n, B1 = (b(1)ij ) ∈ Cn×n;
a
(1)
ij = a1(φj , φi), b
(1)
ij = b1(φj , φi);
ξ = [ξ1, ξ2, · · · , ξn]T .
Let {ϕk}mk=1 be basis functions on the space V2 and
ehz =
∑m
k=1 ξkϕk. As last, we need to solve the following
generalized matrix eigenvalue problem:
A2ξ = k
2
t,hB2ξ, (35)
where
A2 = (a
(2)
ij ) ∈ Cm×m, B2 = (b(2)ij ) ∈ Cm×m;
a
(2)
ij = a2(ϕj , ϕi), b
(2)
ij = b2(ϕj , ϕi);
ξ = [ξ1, ξ2, · · · , ξm]T .
B. Numerical Method for the Vector PDEs (25) and (27)
Secondly, we consider the numerical treatments for the
vector PDEs (25) and (27), which are much more difficult than
for the scalar PDE (24) and (26), because of the constraint
of divergence-free condition in PDEs (25) and (27). Until
now the conforming FEM discretization about PDEs (25) and
(27) has not appear, because it is very difficult to construct a
conforming FEM subspace corresponding to the vector PDEs
(25) and (27) [14]. We shall use mixed FEM to solve the
vector PDEs (25) and (27). Next we give mixed variational
forms associated with the vector PDEs (25) and (27).
As usual, we need to introduce some Hilbert spaces on
complex field C associated with PDEs (25) and (27):
H(curlt,Γ) =
{
F ∈ (L2(Γ))2 : ∇t × F ∈ L2(Γ)
}
,
H0(curlt,Γ) =
{
F ∈ H(curlt,Γ) : nˆ× F|∂Γ = 0
}
.
The standard inner product and norm in the above Hilbert
space is defined as following: for ∀ F1,F2,F ∈ H(curlt,Γ),
(F1,F2)curlt =
∫
Γ
F1 · F2 +∇t × F1 · ∇t × F2dxdy,
‖F‖curlt =
√
(F,F)curlt =
(‖F‖20 + ‖∇t × F‖20) 12 .
Denote the continuous sesquilinear forms:
A1 : H0(curlt,Γ)×H0(curlt,Γ)→ C
(et,F)→
∫
Γ
µ−1zz ∇t × et · ∇t × Fdxdy,
A2 : H(curlt,Γ)×H(curlt,Γ)→ C
(ht,F)→
∫
Γ
−1zz ∇t × ht · ∇t × Fdxdy,
B1 : (L2(Γ))2 × (L2(Γ))2 → C
(et,F)→
∫
Γ
µ
−1
t et · Fdxdy,
B2 : (L2(Γ))2 × (L2(Γ))2 → C
(ht,F)→
∫
Γ

−1
t ht · Fdxdy,
C1 : H0(curlt,Γ)×H10 (Γ)→ C
(et, q)→
∫
Γ
µ
−1
t et · ∇tqdxdy,
C2 : H(curlt,Γ)×H1(Γ)→ C
(ht, q)→
∫
Γ

−1
t ht · ∇tqdxdy.
Using scalar Green’s formula (43) and vector Green’s formula
(44), we get the variational forms of PDEs (25) and (27),
respectively.
For the TE modes, find kt ∈ R, 0 6= et ∈ H0(curlt,Γ),
such that
A1(et,F) = k2tB1(et,F) ∀ F ∈ H0(curlt,Γ), (36a)
C1(et, q) = 0 ∀ q ∈ H10 (Γ). (36b)
7For the TM modes, find kt ∈ R, 0 6= ht ∈ H(curlt,Γ), such
that
A2(ht,F) = k2tB2(ht,F) ∀ F ∈ H(curlt,Γ), (37a)
C2(ht, q) = 0 ∀ q ∈ H1(Γ). (37b)
It is clear that the variational forms (36) and (37) are equivalent
to PDEs (25) and (27), respectively. We must solve variational
forms (36a) and (37a) under the constraint of (36b) and (37b),
respectively. Based on Kikuchi’s work [15], we try to change
the variation forms (36) and (37) to the corresponding mixed
variational forms by means of a Lagrangian multiplier.
Let us now introduce the mixed variational form associated
with the TE modes: Seek kt ∈ R, 0 6= et ∈ H0(curlt,Γ),
p1 ∈ H10 (Γ) such that
A1(et,F) + C1(F, p1) = k2tB1(et,F) ∀ F ∈ H0(curlt,Γ),
(38a)
C1(et, q) = 0 ∀ q ∈ H10 (Γ). (38b)
Let us now introduce the mixed variational form associated
with the TM modes: Seek kt ∈ R, 0 6= ht ∈ H(curlt,Γ),
p2 ∈ H1(Γ) such that
A2(ht,F) + C2(F, p2) = k2tB2(ht,F) ∀ F ∈ H(curlt,Γ),
(39a)
C2(ht, q) = 0 ∀ q ∈ H1(Γ), (39b)
where pk (k = 1, 2) are the Lagrangian multipliers and
Ck(F, pk) (k = 1, 2) stand for the complex conjugation of
the continuous sesquilinear form Ck(F, pk) (k = 1, 2). The
weak forms (38) and (39) are the saddle point problems in
finite element analysis.
We have already proved the equivalence between the vari-
ational form (36) and mixed variational form (38) in [11],
because p1 = 0 in Γ is proved in [11]. Now we prove the
equivalence between the variational form (37) and mixed
variational form (39). Obviously, any eigenpair of (37) with
p2 = C satisfies (39), where C is an arbitrary constant. Con-
versely, by taking F = ∇tp2 in (39a) and q = p2 in (39b), we
get C2(∇tp2, p2) = k2tB2(ht,∇tp2) = k2t C2(ht,∇tp2) = 0.
Since −1t has positive real eigenvalues, we can deduce that
∇tp2 = 0, therefore p2 = C and C2(F, p2) = 0, which
shows that any eigenpair of the mixed variational form (39)
satisfies (37) as well. Numerical experiments are also shown
that p2 = C in Γ. Next we utilize mixed FEM to discretize
the mixed variational problems (38) and (39), respectively.
Let Th be a regular triangular partition [12] of Γ with mesh
parameter h. About the definition of CT/LN edge element
space, please see [11]. Here we only consider the discretization
of mixed variation form (39). For the discretization of mixed
variation form (38), for details, please see [11]. Let W2h be
CT/LN edge element space and W2h = span{N1,N2, ...,Ns},
where Nk is the k-th global basis function in W2h and the
integer s is the number of total edges (including the edges on
the boundary) in triangular mesh Th. From [16, 17], we know
that W2h is a FEM subspace of H(curlt,Γ). Let S
2
h be the
standard linear element space and S2h = span{φ1, φ2, ..., φn},
where φk is the k-th global basis function in S2h and the integer
n is the number of total nodes (including the nodes on the
boundary) in triangular mesh Th. From [12], we know that S2h
is a FEM subspace of H1(Γ).
Restricting the mixed variational form (39) on W2h × S2h,
we obtain the discrete mixed variational form: Seek kt,h ∈ R,
0 6= hht ∈W2h, p2,h ∈ S2h such that
A2(hht ,F) + C2(F, p2,h) = k2t,hB2(hht ,F) ∀ F ∈W2h,
(40a)
C2(hht , q) = 0 ∀ q ∈ S2h. (40b)
The discrete weak form (40) is a conforming mixed FEM
discretization of mixed variational form (39). Since hht ∈W 2h
and p2,h ∈ S2h, we write
hht =
s∑
k=1
ξkNk, p2,h =
n∑
k=1
ζkφk.
Finally, we get the following generalized matrix eigenvalue
problem:[
A2 C2
C†2 O
] [
ξ
ζ
]
= k2t,h
[
B2 O
O O
] [
ξ
ζ
]
, (41)
where
ξ = [ξ1, ξ2, · · · , ξs]T , ζ = [ζ1, ζ2, · · · , ζn]T ,
A2 = (a
(2)
ij ) ∈ Cs×s, C2 = (c(2)ij ) ∈ Cs×n,
B2 = (b
(2)
ij ) ∈ Cn×n, a(2)ij = A2(Nj ,Ni),
c
(2)
ij = C2(Ni, φj), b(2)ij = B2(Nj ,Ni).
After solving the generalized algebraic eigenvalue problem
(41), we can get the distribution of the transverse magnetic
field hht in Γ using an interpolation technique.
For the implementation of the mixed variational form (40),
we do not need to deal with the boundary conditions, because
two boundary conditions in PDE (27) are all natural boundary
conditions in FEM. However, about the numerical imple-
mentation of the mixed variational form (38), the numerical
treatment method is almost same as the mixed variational
form (39), but at last we need to enforce boundary condition,
because for the TE modes, nˆ × et = 0 on Γ is an essential
boundary condition in FEM.
VI. NUMERICAL EXPERIMENTS
In this section, we shall consider four familiar waveguides,
i.e., rectangular waveguide, cylindrical waveguide, coaxial
waveguide and double-ridge waveguide. These waveguides are
filled with homogenous anisotropic lossless medium, which
satisfies the above condition I and II. The physical dimensions
of these four waveguides are listed in Fig.1. Assume that the
medium parameters in these four waveguides are
 =
 2 −j 0j 2 0
0 0 1
 0, µ =
 1 0.5j 0−0.5j 1 0
0 0 2
µ0,
where 0 and µ0 are the permittivity and permeability in vac-
uum, respectively. Obviously, these parameters have satisfied
the condition I and II.
Let K(q)t,h , q = 0, 1, · · · be numerical cut-off wavenumbers
81.2mm
1
m
m
(a)
R=2mm
(b)
r=1mm
R=2mm
(c)
2mm
3
m
m
1
m
m
1mm
(d)
Fig. 1. (a) Dimension of Rectangular waveguide. (b) Dimension of cylindrical
waveguide. (c) Dimension of coaxial waveguide. (d) Dimension of double-
ridge waveguide.
obtained from the vector PDEs (25) and (27). Let k(q)t,h , q =
1, 2 · · · be numerical wavenumbers obtained from the scalar
PDE (24) and (26). In the FEM of postprocessing, we need
to draw the field distribution in Γ. For the vector field
F = xˆ(Frealx + jF
imag
x ) + yˆ(Frealy + jF
imag
y ), we denote
Re(F) = xˆFrealx + yˆF
real
y and Im(F) = xˆF
imag
x + yˆF
imag
y .
For independent TE modes, we do not list k(0)t,h in Table
I-IV, because they are not propagable physical modes. For the
coaxial waveguide, we find the existence of a TEM mode in
Table III and VII, because there are two disconnected bound-
aries in the coaxial waveguide. Moreover, we have already
drawn the magnitude and direction of the electromagnetic field
associated with this TEM mode in Fig. 4 and Fig. 5. However
for other three waveguides, because these three waveguides
have connected boundary, we do not find the existence of any
TEM mode, which is in accordance with the waveguide theory.
From the Table I-IV, we can see that for independent TE
modes, all the nonzero numerical cut-off wavenumbers from
between the scalar PDE (24) and the vector PDEs (26) are
same roughly, which are agreements with the Theorem 1
in section III. From the Table V-VIII, we can see that for
independent TM modes, all the nonzero numerical cut-off
wavenumbers from between the scalar PDE (25) and the vector
PDEs (27) are same roughly, which are also agreements with
the Theorem 2 in section IV. From the Table I-VIII, we can
observe that all the numerical eigenvalues obtained from the
scalar PDE (24) and (26) approximate the exact eigenvalues
from above, which are coincided with the conclusion of min-
max principle [13]. However for all numerical eigenvalues
obtained from the vector PDEs (25) and (27), sometimes they
will approximate the exact eigenvalues from above, sometimes
approximate the exact eigenvalues from below, and even swing
around from the exact eigenvalues.
From the Fig. 2 and Fig. 4, we find that the Lagrange
multiplier p(l)1,h ≈ 0 (l = 1, 2) corresponding to vector PDEs
(25), which is agreement with the theory in section V. From
the Fig. 3 and Fig. 5, we can see that the Lagrange multiplier
p
(l)
2,h = C (l = 1, 2) corresponding to vector PDEs (27), which
is also agreement with the theory in section V.
At last, from Table VIII, we see that the numerical accuracy
of the first eigenvalue is more worse than one of remain-
ing three eigenvalues, because the smoothness of the first
eigenfunction is very bad [18], this will reduce the rate of
convergence for the first numerical eigenvalue.
(a) (b)
(c) (d)
(e) (f)
Fig. 2. (a) Magnitude and field distribution of Re(eht,1). (b) Magnitude and
field distribution of Re(eht,2). (c) Magnitude and field distribution of Im(e
h
t,1).
(d) Magnitude and field distribution of Im(eht,2). (e) Magnitude distribution
of p(1)1,h. (f) Magnitude distribution of p
(2)
1,h. These figures are obtained from
mixed FEM on the second mesh (h ≈ 0.0976) for the first two independent
TE modes in rectangular waveguide.
VII. CONCLUSION
This paper gives a sufficient condition of having indepen-
dent TE and TM modes in a waveguide filled with homoge-
nous anisotropic lossless medium. In the future, we would like
to give a necessary condition of having independent TE and
TM modes in a waveguide filled with homogenous anisotropic
lossless medium. In that time, the problem that whether there
exist independent TE and TM modes in a waveguide filled
with homogenous anisotropic lossless medium will be solved
thoroughly.
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THE FIRST FOUR SMALLEST CUT-OFF WAVENUMBERS (×103) FROM RECTANGULAR WAVEGUIDE (TE MODES)
h(mm) 0.195256241897666 0.097628120948833 0.048814060474417 0.024407030237208 0.012203515118604 Trend
k
(1)
t,h 1.475789320459881 1.469813263355673 1.468124820384027 1.467681054232777 1.467568001103275 ↘
K
(1)
t,h 1.465403953988726 1.466972919268568 1.467388723990029 1.467494554209295 1.467521153945791 ↗
k
(2)
t,h 2.397873950719001 2.373928543161163 2.367449438270285 2.365781632235588 2.365360394258005 ↘
K
(2)
t,h 2.341638022828847 2.359141186518130 2.363685448494339 2.364834868032611 2.365123211095598 ↗
k
(3)
t,h 2.448628970844728 2.402140321555807 2.389806229849646 2.386635645572716 2.385833987683120 ↘
K
(3)
t,h 2.386120253640742 2.385544045675012 2.385546681581226 2.385559751043563 2.385563986757260 Swing
k
(4)
t,h 3.785795418686821 3.640689044398126 3.602109334142066 3.592177442067254 3.589665639359895 ↘
K
(4)
t,h 3.584051491410978 3.587668141693166 3.588501184721795 3.588740989770616 3.588803416655484 ↗
TABLE II
THE FIRST FOUR SMALLEST CUT-OFF WAVENUMBERS (×103) FROM CYLINDRICAL WAVEGUIDE (TE MODES)
h(mm) 0.435162097754408 0.318120256910917 0.252501014511383 0.171260830755769 0.099425990995704 Trend
k
(1)
t,h 0.481782906245642 0.480595989735284 0.480244222516730 0.479917287787030 0.479716334872045 ↘
K
(1)
t,h 0.482062240494314 0.480731447714930 0.480309890299193 0.479951716681064 0.479726122948813 ↘
k
(2)
t,h 0.770681543496923 0.767985291525049 0.767152823640153 0.766408960857703 0.765944500371049 ↘
K
(2)
t,h 0.765895295236251 0.765781093261658 0.765779065046927 0.765761030659999 0.765759132652098 ↘
k
(3)
t,h 0.822512866800075 0.817468768730999 0.815715297831422 0.814371630445448 0.813497973724559 ↘
K
(3)
t,h 0.818575391775589 0.815610431214487 0.814645768992308 0.813833505067192 0.813347046777445 ↘
k
(4)
t,h 1.161993527368619 1.147473267954206 1.142076505638176 1.138145314028453 1.135646092854336 ↘
K
(4)
t,h 1.143769145276075 1.138652127539504 1.137196475847020 1.135789867445030 1.134985931812746 ↘
TABLE III
THE FIRST FIVE SMALLEST CUT-OFF WAVENUMBERS (×103) FROM COAXIAL WAVEGUIDE (TE MODES)
h(mm) 0.472473182342669 0.272133841282597 0.247159259110537 0.182248215374031 0.094462741227037 Trend
K
(0)
t,h 0.002061021497E-6 0.007755090243E-6 0.056866086854E-6 0.038488608349E-6 0.219807821098E-6
k
(1)
t,h 0.403129504958078 0.401325068249122 0.400816169469970 0.400378940177273 0.400081247548716 ↘
K
(1)
t,h 0.401372769497186 0.400550372965758 0.400264640506610 0.400108011038728 0.400004868788086 ↘
k
(2)
t,h 0.446491208788408 0.437800832627968 0.436231024847422 0.433984206770929 0.432413954850601 ↘
K
(2)
t,h 0.430961475182653 0.431625902509177 0.431430711927798 0.431622918576020 0.431713632693326 Swing
k
(3)
t,h 0.776672843817230 0.772066052975698 0.771054257278046 0.769924258377010 0.769185048375785 ↘
K
(3)
t,h 0.773407091622260 0.770960972629768 0.769872783975640 0.769340846993346 0.769010111595282 ↘
k
(4)
t,h 0.941131422630201 0.911604386951099 0.906615497277321 0.898640732775632 0.892784182029530 ↘
K
(4)
t,h 0.885483351439040 0.888992418911532 0.888435742503244 0.889422642562237 0.890035675537056 ↗
TABLE IV
THE FIRST FOUR SMALLEST CUT-OFF WAVENUMBERS (×103) FROM DOUBLE-RIDGE WAVEGUIDE (TE MODES)
h(mm) 0.499157708797601 0.307034829640539 0.236552539188960 0.177102027619670 0.089101194801190 Trend
k
(1)
t,h 0.298473083901503 0.296837798083560 0.295862095872810 0.294571635290433 0.293746949135949 ↘
K
(1)
t,h 0.289330352346550 0.290215795563825 0.290873024389050 0.291797090232078 0.292341396295307 ↗
k
(2)
t,h 0.659141343015736 0.653344598256282 0.650866137293736 0.647691545816427 0.645837969377189 ↘
K
(2)
t,h 0.636364866469366 0.638327377661742 0.639625708785915 0.641630370940502 0.642778844651659 ↗
k
(3)
t,h 0.697195503804344 0.690640497552013 0.687486432230491 0.683466011354168 0.681128180642666 ↘
K
(3)
t,h 0.671477244947293 0.673235103178177 0.674510021173172 0.676528058790026 0.677698537012275 ↗
k
(4)
t,h 0.880308418594263 0.861309667546236 0.853382847280550 0.843422634539002 0.837647090766269 ↘
K
(4)
t,h 0.811516686813181 0.817675126146741 0.821198506557971 0.826274208071270 0.829194252542041 ↗
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TABLE V
THE FIRST FOUR SMALLEST CUT-OFF WAVENUMBERS (×103) FROM RECTANGULAR WAVEGUIDE (TM MODES)
h(mm) 0.195256241897666 0.097628120948833 0.048814060474417 0.024407030237208 0.012203515118604 Trend
k
(1)
t,h 5.894531604477931 5.811189310908255 5.790303984646993 5.785079349732899 5.783772980059854 ↘
K
(1)
t,h 5.751753925681920 5.773972418995951 5.780865626159621 5.782709191382921 5.783179649688024 ↗
k
(2)
t,h 9.004880315505943 8.729206088628956 8.658945775718696 8.641300878047364 8.636884719323140 ↘
K
(2)
t,h 8.504444706274022 8.599897601466521 8.626242822987356 8.633095522424496 8.634831174098622 ↗
k
(3)
t,h 10.030601701890467 9.726233748432023 9.651178105103899 9.632475354672261 9.627803368761551 ↘
K
(3)
t,h 9.390284078717151 9.559673599390845 9.608995313313448 9.621889373857753 9.625154021388045 ↗
k
(4)
t,h 12.354007999108354 11.782007070090952 11.621934827419242 11.580580289463066 11.570156970794526 ↘
K
(4)
t,h 11.230485752410944 11.486884922583393 11.546615650894150 11.561631137954999 11.565411091773859 ↗
TABLE VI
THE FIRST FOUR SMALLEST CUT-OFF WAVENUMBERS (×103) FROM CYLINDRICAL WAVEGUIDE (TM MODES)
h(mm) 0.435162097754408 0.318120256910917 0.252501014511383 0.171260830755769 0.099425990995704 Trend
k
(1)
t,h 1.710892465536958 1.705229937117969 1.703365695670425 1.701833508509492 1.700872222278634 ↘
K
(1)
t,h 1.708130151669107 1.703909562904990 1.702624812725415 1.701504085656535 1.700774856957166 ↘
k
(2)
t,h 2.748811562159025 2.728435217867374 2.720656958952525 2.714843534766609 2.710978247839135 ↘
K
(2)
t,h 2.699853520146608 2.703738916945631 2.706951975137004 2.708005426994477 2.709069682599943 ↗
k
(3)
t,h 2.750622073669899 2.728523176906105 2.720979464827615 2.714918074075618 2.711000912270034 ↘
K
(3)
t,h 2.718342100556592 2.713029005422347 2.712109453354489 2.710766843202556 2.709828272360276 ↘
k
(4)
t,h 3.723569045100281 3.674294064980397 3.657351303151986 3.643844584845230 3.635049201403289 ↘
K
(4)
t,h 3.592595097303798 3.614496263471669 3.620490927803921 3.625553422179841 3.629571468542761 ↗
TABLE VII
THE FIRST FIVE SMALLEST CUT-OFF WAVENUMBERS (×103) FROM COAXIAL WAVEGUIDE (TM MODES)
h(mm) 0.472473182342669 0.272133841282597 0.247159259110537 0.182248215374031 0.094462741227037 Trend
K
(0)
t,h 0.066823027505E-5 0.152203527001E-5 0.015769906706E-5 0.135502281830E-5 0.24917040751E-5
k
(1)
t,h 4.603811174450504 4.478909196644620 4.462658754701031 4.436325366189580 4.423018842494161 ↘
K
(1)
t,h 4.283083207276171 4.366132961225913 4.382042512252821 4.400435925712863 4.411261570362339 ↗
k
(2)
t,h 4.717696213822837 4.589919853968560 4.570897568984140 4.542803941715887 4.527725382867191 ↘
K
(2)
t,h 4.359880505015513 4.456850072068127 4.472400883228711 4.496543178474499 4.513097773992790 ↗
k
(3)
t,h 4.726897230985268 4.590115719774102 4.572194855054836 4.542947671779376 4.527750693965870 ↘
K
(3)
t,h 4.407953587492303 4.477693637268233 4.495981667100307 4.509426213473715 4.516647682087900 ↗
k
(4)
t,h 5.059753397073766 4.907645237816515 4.882409421458146 4.847643696333221 4.827258453668454 ↘
K
(4)
t,h 4.636866073232428 4.740140439013424 4.758367873685201 4.786332963346268 4.808374979489291 ↗
TABLE VIII
THE FIRST FOUR SMALLEST CUT-OFF WAVENUMBERS (×103) FROM DOUBLE-RIDGE WAVEGUIDE (TM MODES)
h(mm) 0.195256241897666 0.097628120948833 0.048814060474417 0.024407030237208 0.012203515118604 Trend
k
(1)
t,h 4.203895195855380 4.124680743300559 4.087243448317585 4.037359496833891 4.012831978013024 ↘
K
(1)
t,h 3.783022619082375 3.859652883157402 3.893988098992527 3.938979866276001 3.966272994063384 ↗
k
(2)
t,h 4.261953242133240 4.180423557759431 4.140888274295089 4.088927252762932 4.063393395276099 ↘
K
(2)
t,h 3.828157576455789 3.904862838812663 3.940180926106685 3.986480932940768 4.014931520439401 ↗
k
(3)
t,h 5.107903446326329 4.986683967305610 4.955307368211642 4.915935482079309 4.898370772606942 ↘
K
(3)
t,h 4.759745722763722 4.833111151668725 4.852557194811825 4.874310742059493 4.882941715423586 ↗
k
(4)
t,h 5.537715161259985 5.435860912946361 5.384191950796905 5.323044003896990 5.297012373265178 ↘
K
(4)
t,h 5.083946856603320 5.163107356166168 5.199551654671399 5.2401919898334819 5.261771962435678 ↗
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(a) (b)
(c) (d)
(e) (f)
Fig. 3. (a) Magnitude and field distribution of Re(hht,1). (b) Magnitude
and field distribution of Re(hht,2). (c) Magnitude and field distribution of
Im(hht,1). (d) Magnitude and field distribution of Im(h
h
t,2). (e) Magnitude
distribution of p(1)2,h. (f) Magnitude distribution of p
(2)
2,h. These figures are
obtained from mixed FEM on the second mesh (h ≈ 0.0976) for the first
two independent TM modes in rectangular waveguide.
APPENDIX A
PROOF OF LEMMA 1 AND LEMMA 2
Proof of Lemma 1:
∇t ×
(
µ−1zz ∇t × et
)
− k2tµ−1t et
=
jωµ−1zz
k2t
∇t ×
(
∇t ×
(
zˆ × (µt∇thz)
))
−jωµ−1t zˆ × (µt∇thz)
=
jωµ−1zz
k2t
∇t ×
(
∇t ×
(
zˆ × (µt∇thz)
))
−jωµ−1t µtzˆ ×∇thz
=
jωµ−1zz
k2t
∇t ×
(
∇t ×
(
zˆ × (µt∇thz)
))− jωzˆ ×∇thz
=
jωµ−1zz
k2t
∇t ×
(
zˆ · (∇t · µt∇thz)
)
− jωzˆ ×∇thz
=
jωµ−1zz
k2t
zˆ ×
(
−∇t(∇t · µt∇thz)
)
− jωzˆ ×∇thz
= −jωµ
−1
zz
k2t
zˆ ×∇t
(
∇t · (µt∇thz) + k2tµzzhz
)
= 0.
(a) (b)
(c) (d)
(e) (f)
Fig. 4. (a) Magnitude and field distribution of Re(e(h)t,1 ). (b) Magnitude
and field distribution of Re(e(h)t,2 ). (c) Magnitude and field distribution of
Im(e(h)t,1 ). (d) Magnitude and field distribution of Im(e
(h)
t,2 ). (e) Magnitude
distribution of p(1)1,h. (f) Magnitude distribution of p
(2)
1,h. These figures are
obtained from mixed FEM on the third mesh (h ≈ 0.2472). The first mode
is TEM mode in coaxial waveguide, and the second mode is an independent
TE mode in coaxial waveguide.
This has validated the first equation of PDEs (25).
Secondly let us verify the correctness of the second equation
in PDEs (25).
∇t ·
(
µ
−1
t et
)
= ∇t ·
(
µ
−1
t
jω
k2t
zˆ × (µt∇thz)
)
=
jω
k2t
∇t ·
(
µ
−1
t zˆ × (µt∇thz)
)
=
jω
k2t
∇t ·
(
µ
−1
t µt(zˆ ×∇thz)
)
=
jω
k2t
∇t ·
(
zˆ ×∇thz
)
= −jω
k2t
(
zˆ · (∇t ×∇thz)
)
= 0,
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(a) (b)
(c) (d)
(e) (f)
Fig. 5. (a) Magnitude and field distribution of Re(h(h)t,1 ). (b) Magnitude
and field distribution of Re(h(h)t,2 ). (c) Magnitude and field distribution of
Im(h(h)t,1 ). (d) Magnitude and field distribution of Im(h
(h)
t,2 ). (e) Magnitude
distribution of p(1)2,h. (f) Magnitude distribution of p
(2)
2,h. These figures are
obtained from mixed FEM on the third mesh (h ≈ 0.2472). The first mode
is TEM mode in coaxial waveguide, and the second mode is an independent
TM mode in coaxial waveguide.
which validates the second equation of PDEs (25).
Finally we validate the boundary condition in PDEs (25).
nˆ× et = nˆ×
(jω
k2t
zˆ × (µt∇thz)
)
=
jω
k2t
nˆ× (zˆ × (µt∇thz))
=
jω
k2t
(
zˆ
(
nˆ · (µt∇thz)
)− µt∇thz(nˆ · zˆ))
= 0,
which validates boundary condition of PDEs (25). The proof
of Lemma 1 is completed.
Proof of Lemma 2: Firstly we verify the first equation of
PDE (24). When ω 6= 0, we have
k2tµzzhz +∇t · (µt∇thz)
= k2tµzz
(
zˆ · j∇t × et
ωµzz
)
+∇t ·
(
µt∇t(zˆ ·
j∇t × et
ωµzz
)
)
=
j
ω
(
k2t zˆ · ∇t × et +∇t ·
(
µt∇t(zˆ · µ−1zz ∇t × et)
))
=
j
ω
(
k2t zˆ · ∇t × et +∇t ·
(
µtzˆ × (∇t × (µ−1zz ∇t × et))
))
=
j
ω
(
k2t zˆ · ∇t × et +∇t ·
(
µtzˆ × (k2tµ−1t et)
))
=
jk2t
ω
(
zˆ · ∇t × et +∇t ·
(
µtzˆ × (µ−1t et)
))
=
jk2t
ω
(
zˆ · ∇t × et +∇t ·
(
µtµ
−1
t zˆ × et
))
=
jk2t
ω
(
zˆ · ∇t × et +∇t ·
(
zˆ × et
))
=
jk2t
ω
(
zˆ · ∇t × et − zˆ · ∇t × et
)
= 0,
which has already examined the correctness of the first equa-
tion of PDE (24); Secondly we verify the boundary condition
in PDE (24),
nˆ · (µt∇thz) = nˆ ·
(
µt∇t(zˆ ·
j∇t × et
ωµzz
)
)
=
j
ω
nˆ · (µt∇t(zˆ · µ−1zz ∇t × et))
=
j
ω
nˆ · (µtzˆ × (∇t × (µ−1zz ∇t × et)))
=
j
ω
nˆ · (µtzˆ × (k2tµ−1t et))
=
jk2t
ω
nˆ · (µtµ−1t zˆ × et)
=
jk2t
ω
nˆ · (zˆ × et) = −jk2t
ω
zˆ · (nˆ× et)
= 0,
which has already examined the boundary condition in PDE
(24). The proof of Lemma 2 is completed.
APPENDIX B
ABELIAN GROUP
Let G be a set, and ◦ be an abstract operation on G, if this
operation ◦ satisfies the following four properties:
1. For every a, b ∈ G, there is an element c ∈ G, such that
c = a ◦ b, (closure property of the operation ◦);
2. For every a, b, c ∈ G, (a ◦ b) ◦ c = a ◦ (b ◦ c),
(associativity);
3. There is an identity element e, such that a◦e = e◦a = a,
∀ a ∈ G, (the existence of identity element);
4. For every a ∈ G, there is an element b ∈ G, such that
a ◦ b = b ◦ a = e, (the existence of inverse element);
then we call (G, ◦) is a group. In addition, if a ◦ b = b ◦ a,
∀ a, b ∈ G, we call (G, ◦) is an Abelian group. For details,
please see [3].
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APPENDIX C
IMPORTANT FORMULAS IN THIS PAPER
1 ∫
Γ
∇t · (D∇tu)vdxdy +
∫
Γ
D∇tu · ∇tvdxdy
=
∫
∂Γ
nˆ · (D∇tu)vds (42)
2 ∫
Γ
∇t · (DF) · qdxdy +
∫
Γ
DF · ∇tqdxdy
=
∫
∂Γ
nˆ · (DF)qds (43)
3 ∫
Γ
∇t × (α∇t × F1) · F2 −
∫
Γ
(α∇t × F1) · (∇t × F2)
=
∫
∂Γ
nˆ× (α∇t × F1) · F2ds
= −
∫
∂Γ
(α∇t × F1) · (nˆ× F2)ds (44)
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